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Abstract

By using the Lewis—Riesenfeld quantum invariant theory and properly choosing
Hermitian invariant operator, a closed solution of the Schrodinger equation is
derived for two forced quantum oscillators with mixing of two modes, and the
quantum fluctuations in the output fields are evaluated. For the initial two-mode
squeezed number or squeezed coherent state, in some particular conditions,
the time evolution of the oscillators can not only preserve the initial two-mode
squeezing, but also produce squeezing in the individual modes; and exhibit
a periodical squeezing behaviour. For the initial two-mode number state or
coherent state, there is no squeezing in the individual and mutual quadrature
phases of the two-mode fields. Furthermore, regardless of which state above
being initially considered, the quantum fluctuations of all the quadrature phases
in the output fields are all independent of the driving parameters. In particular,
for the initial two-mode coherent state, the variances of the output fields are
also independent of other parameters in the Hamiltonian, and always preserve
their initial values 1/4.

PACS numbers: 42.65.Sf, 42.50.Lc, 42.65.Ky, 03.65.—w

1. Introduction

The model of two coupled time-dependent harmonic oscillators has received much attention
due to its applications in quantum mechanics and quantum optics. For instance, it has been
used to study photon statistics, squeezing, entanglement and the exchange of nonclassical
properties between two modes of the electromagnetic field in optical parametric processes
[1-16]. The model has been solved in various cases by adopting the Heisenberg equations of
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motion [1-9], Lie-group method [12, 13], the entangled state representation [14] etc. However,
in the literature above, most of the systems or models were investigated only in those cases:
namely, either the two-mode coupled term or the driving term of the Hamiltonians is zero, and
the parameters of the Hamiltonians are partially time-dependent. Recently, by virtue of the
Lewis—Riesenfeld invariant theory, a model has been developed [18] to describe a generalized
non-degenerate optical parametric down conversion, whose Hamiltonian contains the above
two terms which are arbitrarily time-dependent. Indeed, the Lewis—Riesenfeld invariant theory
has proved powerful in analyzing the quantum mechanical behaviours and been applied to
various time-dependent problems of quantum mechanics and quantum optics [18-28]. In this
work, we shall solve two forced quantum oscillators with mixing of two modes by the theory
of invariants, and investigate the quantum fluctuation of the output fields.

2. The dynamical system

The Hamiltonian of the time-dependent system in this study is (in natural units 7 = ¢ = 1)

A A

H=Hy+H +H, (2.1a)

ﬂ0=22:wj(t)a ta; +Go(r) (2.1b)
le

Hy =) G;m)[a}exp(io;(t)) +a; exp(—ip;(1))] (2.1¢)
j=1
= Qu(1)[aja, exp(ipi2 (1)) + a,a3 exp(—ipn(1))]. (2.1d)

Here a; and &; are the annihilation and creation operations for the mode j (j = 1,2, j is
assigned the same values in what follows), respectively, and satisfy the following commutation
relations

[aj.a5] = 8. [aj, &l = [a],a;] =0 (j,k=1,2), (2.2)
where w; (1), Q12(t), @12(t), Go(t), G;(t) and @;(¢) are arbitrary real functions of time;
H o 1s the free Hamiltonian for the two mode field; H 1 is referred to as the driving term,
G ;(t)exp(ip;(t)) can be regarded as a classical generalized driving force acting on the mode j
[7]; A 2 describes the mixing of two modes [8], Q12 (¢) and ¢, (¢) are arbitrary pump coupling
parameters. When G; = 0, Q2(¢) = A and ¢2(¢) = vt — ¢, the Hamiltonian (2.1) reduces
to the model in [15] or [6] (v = wr, ¢ = 0), which corresponds to the up-conversion process.
When G; =0, Q12(t) = Ay () and ¢»(¢) = 0, Hamiltonian (2.1) reduces to the model of the
article [16], which can be used to study the exchange of nonclassical properties. When G ; # 0
and Q»(¢) = 0, the Hamiltonian (2.1) corresponds to the forced quantum oscillators subject
to transient classical driving force [29]. When all parameters are arbitrarily time-dependent
functions, the Hamiltonian (2.1) may describe two forced quantum oscillators coupled by
some interactions which cause two-mode mixing in quantum optics. Hereinafter, we will try
to solve the Schrodinger equation for this general situation.

3. Solving the Schrodinger equation via time-independent invariant

The time evolution of the quantum states is governed by the Schrodinger equation

a N
igllﬂ(t)) =H@O[Y(®) 3.
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According to the Lewis—Riesenfeld invariant theory [17], an operator I(r) that obeys the
following invariant equation

%i(r) —il@), AN =0 (3.2)

is called an invariant whose eigenvalue is time-independent. In this study, we construct
the Hermitian invariant by using unitary transformation of Hermitian operator K, =
S Ciatay.ie.

1) = Dy (z210) Daz2(0) V(s (1) - (Crafar + C2a5a2) V* (s (1) D3 (22(1)) D (21 (1)),

3.3)
where C| and C, are arbitrary real constants. When C; = C, = 1, (i (t)) corresponds
to the sum of the photon numbers in the two modes, which maintains conservation in the
evolution of a quantum system; and then the Hamiltonian (2.1) can describe a generalized
frequency conversion process; when C; = —C, = 1 and G;(¢) = 0, the Hamiltonian (2.1)
is equivalent to the model of article [16], which may be used to study the transference of a
kind of nonclassical properties between two interacting modes of light. And besides, in (3.3),
D j(z;(t)) is the displacement operator for mode j defined by

Dj(z;(1) = exp[z;(1)a} — 25(1))a;] (3.4a)
V(g(t)) is the two-mixed operator given by

V(o) = exp[s*(Data: — c (D3], (3.4b)
where

Zj(t) = r;(t) exp(id; (1)) (3.5a)

(1) = ria(1) exp(id12(1)). (3.5b)

Parameters r;(t), 6;(t), ri2(t) and 82(¢) are the real functions of time. For brevity, z;(t),
ri2(t) and 815 (¢) are rewritten as z;, r12 and 81, (when ¢t = 0, denoted as z o, 7120, and 8129),
and may be determined by (2.1) and (3.2). By using the following relational expressions
(omitting their Hermitian conjugate formats) [16],

Di(zpa;Di(zj) =a; — z; (3.6a)
V(c)a1V*(¢c) = a, cosrip — @ exp(—idyn) sinrin (3.6b)
V()i Vi (c) = ay cosryp + ay exp(id12) sinryy, (3.6¢)
(3.3) becomes
2
1) =) (80,a7a; + g;a; + 8747) + quad &3 + q}ra7 & + go. (3.7)

j=1
From (2.1) and (3.7), we obtain the following commutation relation
2

). A6 =3 {g:G,#) explip; (1)) + [ga, G ; (1) exp(ip; (1))
Jj=1
—glw;j(]al} + [g7,Ga(t) exp(ipa (1)) — g5 Q12(t) exp(ipra(1))1a]
+191,G1 (1) exp(ipr (1)) — gF Q12(t) exp(—igia(1))1aF
+[(8wr — &) Q12(t) exp(ipr2(1)) + gy (w2 (1) — w1 (1)) ]ata,

+q1,012(t) exp(—ipi2 (1) (a7a) — a3az) ¢ —h.c. (3.8)
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where h.c. stands for Hermitian conjugate, and

8w = C1 cos? rip + ¢y sin® ryo (3.9a)
8w, =C2 cos? rip + ¢ sin® rpo (3.9b)
g2 = 3(ca — ¢1) €2 sin 2rp5, (3.9¢)
g1 = —zj(c1cos’ rip + casin’ rip) + ey — ¢2)z5 €2 sin 2rp (3.10a)
& = -2 cos® rip + ¢ sin® rpp) + %(cl — )7} e %2 gin 2r (3.10b)

2 -2 2 )
g0 = 2,21 (c1 COS” r1a + €2 8In” r12) + 2,25 (€2 €OS™ r1p + €1 8in” 1)
1 . is —i6
+5(ca —c1)sin2rip(z,2; €% + 21z, €72). (3.10¢)

Substituting (3.7) and (3.8) into (3.2), we obtain the following equations (omitting their
conjugate equations):

d
ingl + Q12(t) g1 exp(—igi2(1)) — g, exp(ipi2(1))] = 0 (3.11a)
d
iang + Q12(1)[gqy, exp(igi2 (1)) — g7, exp(—ig12(t))] = 0 (3.11b)
d
ig @12 +qulo) — (O] + 012(1) (8w — 8un ) EXP(—ig12(1)) = 0 (3.11¢)
d
iEgO +G1(1)[g, exp(ipi(t)) — g7 exp(—ip1(1))] + G2 (t)[g, exp(ipa (1))
— g exp(—igx(1))] =0 (3.12a)
d
1581 + 8101 (1) + Q12() g, exp(—ip12 (1)) — G1(1)g,, exp(—ig: (1))
— Ga(1)gy, exp(—iga (1)) =0 (3.12b)

d
iagz + g (t) + Q12(2) g1 exp(i@12(t)) — G2(t) 8w, EXp(—ipa(?))
— G1(t)g{, exp(—ig; (1)) = 0. (3.12¢)

By substituting (3.9) into (3.11), we obtain two independent equations:

dryp .

e Q12(2) sin[812 + @12(1)] (3.13a)
dé

?12 = w(t) — (1) +2012(¢) cot 2rip cos[@1a(7) + S12]. (3.13b)

Now, we consider the case of the frequency converter: Qi2(t) = Qp2, wi(t) = w; and
wy(t) = wy, where Q1;, w; and w, are the time-independent pump coupling constant and
frequencies of signal and idler fields, respectively; ¢12(#) = wt, here w is the frequency of
the pump field. For the case of perfect energy matching, we have w = w, — w;. Substituting
above parameters into (3.13), we can obtain a special solution of (3.13)

ri2 = Qinat, 812=n/2—a)t=n/2+a)1t—a)2t. (3.14)

In general, for arbitrary time-dependent parameters, rj, and §;, can be solved firstly from
(3.13), and then z; can be obtained by substituting them into (3.12). Moreover, 71, and §;, are
dependent on the pump coupling parameters Q,(t) and ¢, (t), but independent of the driving
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parameters G ;(t) and ¢;(t). Substituting the solution 7y, 812 and z; from (3.13) and (3.12)
into (3.7), we can obtain the time-dependent invariant 7 (¢).
Let |ny, ny) be the eigenstate vector of the operator K, i.e.,

Kolni, na) = (Ciny + Cony)ny, no). (3.15)

From (3.3) and (3.15), it is seen that the states D; (z1) D2(z2) V (¢)|ny, ny) are eigenstate vectors
of the operator ] (¢), and proved to be complete by using expression an’nz |ny, na)(ng, ny| = 1.
According to the Lewis—Riesenfeld quantum-invariant theory [17], the general solution of the
time-dependent Schrédinger equation (3.1) can be expressed as

() =D Cuyny P (ictn,0,) D1 (21) Da(22) V (S) 1, ma), (3.16)

ny,ny

where o,,,,(t) is Lewis—Riesenfeld phase, and can be decomposed into geometric phase
Ynun, () and dynamical phase S, (f), namely

Unin, ) = Vnin, @)+ ,Bnlnz(t)a (3.17a)

where

! N N N 0 A N N
ynlnz(t):/ (nlsn2|V+(§)D;(12)DT(ZI)iE[Dl(Zl)DZ(ZZ)V(g)“nhn2>dt (3.17b)
0

Buin, (1) = — / (n1,n2|V* () D3(22) D} (z1) H (1) D1 (21) Da(z2) V (S) Iny, ma) dt.  (3.17¢)
0

By adopting the following relations (omitting their Hermitian conjugate formats)

V*()ai1V(g) = @ cosria + a, exp(—id) sinrya (3.18a)
V()@ V() = @acosriy — a, exp(idyy) sinrya (3.18b)
D*(2))a;D;(z)) = aj +z; (3.18¢)
A 0 ~ 1 . .
VWg)iEV(g) = 5&1&;(812 sin 2r1 — i2f12) exp(idy2) + h.c — (&T&l - &;&2)612 sin’ 12,
(3.19)
a rather lengthy calculation yields the following results:
"ri
Yoy = (2,2} + 2,25 — 2,27 — 2o23) — (n1 — n2)d1asin® ryy | dt (3.20a)
niny A 5 %121 T 0l 1<1 242 1 2)012 12 .
t
Buun, = — / de{lwi (t)ny + wa(1)na] cos® rip + [w (g + @y (1)ny] sin® riy
0
+w(1)z12] + 0y (1)2,25 + Q12() 277, expligi2(2))
+2,25 exp(—ig12(t)) — (ny — nz) cos(812 + @12(1)) sin 2ry]
+G 1 (1)[z] exp(ipr (1)) + z; exp(—ig (1))] + G2 (1) [z exp(ipa ()
+zpexp(—iga ()] + G(1)}, (3.20b)
where Zj = %, T2 = dg% and §;, = dg%. Substituting (3.20) into (3.17a), we may write the

Lewis—Riesenfeld phase as

Ay, = — (8111 + &202) + 0, (3.21)
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where

t
& = / {812 sin’ rio + w1 (1) cos? rio + wy(t) sin’ ria — Q12(t) cos[812 + @12(t)] sin 2r, } dt
0

(3.22a)

t
&) = / {—812 sin2 ri2 + wo(t) COS2 ri2+w(t) sin2 rip + Q]z(l‘) cos[81p + (plz(t)] sin 27‘12} dt
0

(3.22b)
i
o= /o {E(Zﬂlk +2,25 — 212] — 285) — @ (D212] — @,(1)2,2)
— Qn2(0)z,25 exp(—igin(1)) + 2725 expligi2 (1)1 — G1(1)[z] exp(ie: (1))
+ 2z exp(—ip1 (1)] — G2(1)[2; exp(ip2 (1)) + 2, exp(—ig2 (1)) — G(l)} dr. (3.22¢)
If w(t) = w; and w,(t) = w, are constants, from (3.22a) and (3.22b), we have
g1+ & = (w1 + w)t. (3.23)
At t = 0, the initial state vector of the system is
¥ (0)) = D1(210)D2(220)V (50) Y Coymy 1, 12). (3.24)

nin
Obviously, for the initial two-mode squeezed number states, | (0)) = S (&0)|n1, ny), we have
210 = 220 = G0 = r120 = 0, (3.25)
where S(&) is the two-mode squeeze operator defined by
$(5) = exp [§54,a, — &oajaz] (80 = soexp(ifh), so > 0) (3.26)

for the initial two-mode squeezed coherent state |y (0)) = ﬁl(al)ﬁz(ag)S‘ (£0)10, 0), we
obtain

Z10 = a4, 720 = 0, So =r120 = 0. (3.27)
In the general case, from (3.24), we have
> Cumlni, ma) = V*(50) D3 (220) D7 (210 [¥(0)). (3.28)
ny,n2
Substitution of expressions (3.21) and (3.28) into the state vector (3.16) results in
¥ (1) = exp(io) Di(z1) Da(z22) V (s)
x exp [—i(e1a}a, +€a3a,) V" (0) D} (220) D} (210) ¥ (0)). (3.29)
Then, the time-evolution operator for quantum system is
U(t,0) = exp(io) D1 (21) D2(22) V (s) exp [—i(e18a; +£2238,) |V* (50) D (220) D} (z10).-
(3.30)

In Heisenberg picture, the time evolution of arbitrary operator is given by

A@) = U*(1,00A0)0 (1, 0). (3.31)
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4. The quantum fluctuations of the quadrature components of the output fields

In this section, we will consider the influence of the two coupled driven harmonic oscillators
on the quantum fluctuations of the output fields. It is useful to obtain the time evolution of the
annihilation operators. Using equations (3.6), (3.18) and (3.31), as well as following relation
(omitting its Hermitian conjugate format)

exp [i(e1a1a, + £2854,) |a; exp [—i(£1a7a, + £2052,)] = exp(—ie)a;, 4.1
we have
a(t) =U*(t,00a,0(t,0) = hy +h1a) + ha, (4.2a)
(1) = Ut (t,00a,0 (¢, 0) = hy + ho1@y + had,, (4.2b)

where a,(t) is the time-dependent Heisenberg annihilation operation, and

hy1 = cosry cos iy exp(—iey) + sinryp sinrypg exp[—i(ez + 812 — §120)] (4.3a)
hip = sinrp cos ripg exp[—i(812 + €2)] — cosryp sinripg exp[—i(S120 + €1)] (4.3b)
hi =2z1 — hi1z10 — hi2220 (4.3¢)
hay = cosrp cos rix exp(—iey) + sinryp sinripg expli(812 — 120 — €1)] (4.3d)
hy1 = cosryp sinrypg expli(§120 — €2)] — sinryp cos 7y expli(§12 — €1)] (4.3e)
hy = 22 — ha1z10 — h22220- 4.3f)

The creation operators satisfy (4.2) by taking the Hermitian conjugate. We are now interested
in the variance of the individual quadrature phase amplitudes [9]

X; = {al@) explio;) +[a} ()] exp(—igo,)} /2 (4.4a)
¥; = {a] () expligo;) — [a] ()] exp(—igo)} /(20) (4.4b)
and the two-mode quadrature phase amplitudes [9]

X = {a] (1) expli(® + en)] + [a3 ()] exp[—i(® — et)] + h.c.} /23> (4.5a)
¥ = {af (1) expli(® + en)] — [a3 ()] exp[—i(® — en)] — h.c.} /(2¥/%), (4.5b)

where © is the phase of the local oscillator in a homodyne detection scheme. &; ) =
a;(t) exp(iw;t), & = (wy — w;)/2. Clearly, we have [X;, ¥;] = i/2 and [X, V] = i/2. Itis
also not difficult to see that changing ¢; in (4.4a) or © in (4.5a), both by 7 /2, enables one to
transform one quadrature into another conjugate . Thus, in the following, we only focus our
attention on the quantum fluctuations of X ; and X quadratures.

If the system starts in the two-mode squeezed number state

[¥(0)) = 8(&)In1, na) (4.6)

by using (3.23), (3.25), (4.2)—(4.5), together with the following relational expressions (omitting
their Hermitian conjugate formats)

$*(£0)a1S(£0) = @, cosh sy — a3 exp(ifo) sinh s (4.7a)
S*(&0)a28 (80) = a, cosh sy — &} exp(if) sinh 5o, (4.7b)
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the quantum fluctuations (or variances) of X ; and X in the output fields are given by

(A}A(I)2 = {(n; —ny) cos2rp + (1 +ny + ny)[cosh 2sy — cos(§12 — 2¢01
— 0y + wyt — wqt) sin 2ry, sinh 250} /4 (4.8a)

(AX5)? = {(n2 — ny) cos 2r2 + (1 + ny +ny)[cosh 2sg + cos(812 + 202 + 0y
+wyt — wyt) sin 2ry, sinh 2S0]}/4 (4.8b)

(AX)? = [(ny — ny) cos 812 sin 2r12 + (1 + ny + ny){cosh 2so
— [cos 2r13 cos(20 + 6y) + sin 2ry; sin(20 + 6y) sin §1,] sinh 250}]/4. 4.9)

Clearly, (A)? j)2 and (A)? )2 are periodic functions of 75, 12, etc, and dependent on the pump
coupling parameters Q1(¢) and ¢1,(¢), but independent of the driving parameters G ;(f) and
@;(t)(see (3.13)). Usually a quantum state is defined squeezed if one of the variances of the
quadrature components is less than 1/4 (which is the quantum fluctuation of the vacuum). For
the variances above, when t = 0, using (3.25), we get

(AX1)? = (cosh2sg + 2n cosh? sg + 2n, sinh? s) /4 > 1/4 (4.10a)
(AX»)? = (cosh2sg + 2n, sinh® sy + 215 cosh? 50) /4 > 1/4 (4.10b)
(AX)? = (1 +ny +ny)[cosh 2sy — cos b sinh 2s0]/4. (4.11)

Obviously, in the input fields, there is no squeezing in the two individual modes but in the
two-mode quadrature-phase amplitudes. On the other hand, from (4.8) and (4.9), it is easy to
see that the variances vary with interaction time. If n; and/or n; is large enough and s is small
enough, there is no squeezing in all the quadratures; moreover, since rj, and &1, are time-
dependent functions determined by (3.13), there are always some time points which satisfie
cos(812 — 2¢p1 — Oy + wat — wit) sin2r;p = 0, cos(812 + 2 + Oy + wat — wyt) sinr;p =0
in (4.8), and cos 2rj; cos(20 + 6y) + sin 2r, sin(20 + 6y) sind1» = 0 in (4.9). This allows all
the variances being larger than 1/4 for arbitrary n;, n, and so. However, at more time points,
the expressions above are not equal to zero; in general, we can always find some time region
in which the expressions above equal and approximately equal 1. Thus, as long as s¢ is
large enough, regardless of what ;| and n, equal, the squeezing occurs periodically in all the
quadratures and it can be interchanged between each pair of the conjugate components. So
we may conclude that, in some particular conditions, the time evolution of the two coupled
driven harmonic oscillators can not only preserve the initial two-mode squeezing, but will also
produce squeezing even though there is no initial squeezing in the two individual modes. Now
we again consider the quantum fluctuations of the output fields in a frequency converter in the
case of perfect energy matching. By inserting (3.14) into (4.8) and (4.9), we get

(AX1)? = {(n1 — n2) cos2Qat) + (1 + 1y +n2)

X [cosh 2sg — sin(2¢; + 6p) sin(2Q»t) sinh 2sy]} /4 “4.12a)
(AX3)? = {(n3 — ny) cos(2Q121) + (1 +ny +1n2)

X [cosh 2sg — sin(2¢, + 6p) sin(2Q,t) sinh 2sy]} /4 (4.12b)
(AX)? = [(n2 — ny) sin(2Q121) sinwt + (1 + 1y + nz){cosh 2sy + [cos(2O + 6y) cos(2Q121)

+5in(20 + 6) sin(2Q21) cos wt] sinh 2s0}]/4. (4.13)

In this case, (AX j )2, which varies sinusoidally with time, is independent of the frequency of the
pump field w. For some special parameter values, the squeezing can be generated periodically
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with period 7 /Q1,. For example, when 2¢q; + 0y = /2, 59 > %ln(l +ny+ny),and t =
w/(4Q12),57/(4012), ..., we have (A}A(I)z = (A)A(Z)2 = (1+n;+ny)exp(—2s9)/4 < 1/4.
However, (AX)? exhibits a rapidly oscillatory behaviour at a high frequency w. If 20 + 6,
equals 0 or r; and ny = n, or |n; — ny| is small enough, or n; = n, = 0 (which corresponds
to a initial squeezed vacuum state), we come to the same conclusion as above, namely, the
squeezing can be generated periodically with time at the frequency of 20 5.

If the system starts in the two-mode squeezed coherent state

[¥(0)) = D(ay) D(2)8(£0)10, 0) (4.14)

using (3.18c¢), (3.27), (4.2)—-(4.5), (4.7) and (3.23), we obtain the variances of )A(_,- and X as
follows:

(A)A(l)z = [cosh 259 — cos(812 + wat — wit — 2¢g1 — Bp) sin 2115 sinh 2S0]/4 (4.15a)
(AX5)? = [cosh 25y + cos(812 + wat — w1t + 2o + Op) sin 27y, sinh 2s0] /4 (4.15b)

(AX'Z) = {cosh 25y — [cos 2rj5 cos(20 + 6p) + sin 2ry, sin(20 + Oy) sin 81, ] sinh 2sy} /4.
(4.16)

The most striking feature of (4.15) and (4.16) is that they are independent of the initial
values o and o, and take the special forms of (4.8) and (4.9) respectively in the case of
ny = ny = 0. This indicates that the quantum fluctuations of the output fields for the initial
two-mode squeezed coherent state equal to those for the initial two-mode squeezed vacuum
state. For the frequency converter, (4.15) and (4.16) reduce to

(AX])Z = [COSh 25‘0 — Sil’l(2¢01 + 0()) sin(2Q12t) sinh 2S0]/4 (417&)
(AX2)? = [cosh 259 — sin(2¢gy + 60) sin(2Q1»1) sinh 2s0]/4 (4.17b)

(AX)? = {cosh 25y — [cos(2O + 6p) cos(2Q12t) + sin(20 + 6y)
x sin(2 Q1»t) cos wt] sinh 250} /4. (4.18)

Evidently, when 2¢; + 6y equal 7 /2 or 37 /2 in (4.17) and 20 + 6, equal 0 or 7 in (4.18),
(AX))?, (AX,)? and (AX?) all exhibit periodical squeezing behaviour, the period and the
minimum are 7/ Q1 and exp(—2sp)/4 respectively.

In (4.6), if so = 0, we have | (0)) = S(Eo)lnl,nz) = |ny, ny). Thus, for the initial
two-mode number state, (4.8) and (4.9) reduce to

(AX)? = (1+2n; cos® ris + 2n, sin® rpp) /4 (4.19a)
(AX5)? = (1 + 215 cos® rip + 2ny sin’ r1n) /4 (4.19b)
(AX)? =[1+n;(1 —cos 812 8in2r12) + na(1 + cos 815 sin 2r15)]/4. (4.20)

Clearly, for arbitrary ny, n,, r1» and §;,, the variances of all the quadrature phase amplitudes
above are all larger than 1/4. Therefore, there is no squeezing in this case.

In (4.14), if s) = 0, we obtain | (0)) = D (1) D2 (a2)8(£)]0, 0) = |ay, o). Thus, for
the initial two-mode coherent state, (4.15) and (4.16) reduce to (A)A(j)2 = (AX)? = 1/4,s0do
(AY DP=(A ¥)2. Accordingly, there is no squeezing in all the quadrature-phase amplitudes
of the output fields either; and the system stays in a minimum-uncertainty state. The state of
the system therefore remains coherent.
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5. Summary and conclusions

Using Lewis—Riesenfeld invariant theory and selecting a suitable time-dependent unitary
transformation to the Hermitian operator Ky = 23:1 C j&;& j» we have obtained the state
vector and the time evolution operator for the two forced quantum oscillators with mixing of
two modes, and investigated the quantum fluctuation of the quadrature-phase amplitudes in

the output fields for various initial states. The following results are obtained.

(1) When the system starts in the two-mode squeezed number or squeezed coherent state, in
some particular conditions, the time evolution of the oscillators not only preserves the
initial two-mode squeezing, but also periodically produces squeezing in the individual
modes. Furthermore, the squeezing can be interchanged between each pair of the
conjugate components as the interaction time increases.

(2) The variances of the output fields for the initial squeezed coherent state |y (0)) =
D(al)ﬁ(az)f‘ (0)10, 0) are independent of the initial values «; and o, and equal the
variances for the initial two-mode squeezed vacuum state.

(3) For the case of perfect energy matching in a frequency converter, whether the system starts
in atwo-mode squeezed number state or a squeezed coherent state, for some specific values
of ¢;, ©, etc, all the variances may be independent of the frequency of the pump field
w, vary sinusoidally with the interaction time, and exhibit a rather long periodical (with a
period 7/ Q12) squeezing behaviour since 0, is generally small.

(4) When the system starts in the two-mode number state or in the two-mode coherent state,
the quantum fluctuation of all the quadrature phases in the output fields is not less than 1 /4.
Hence, there is no squeezing in the individual and mutual quadrature-phase amplitudes
of the output two-mode fields.

(5) Whichever of the four states above the system starts in, the quantum fluctuations of all the
quadrature phases in the output fields are all independent of the driving parameters G (t)
and ¢; (). In particular, for the initial two-mode coherent state, the variances of the output
fields preserve their initial values 1/4, and are also independent of other parameters in the
Hamiltonian H.

It should be noted that we have only derived a closed solution of the Schrodinger equation and
obtained a special solution of a frequency converter in the case of perfect energy matching
in this study. In a forthcoming paper, we will consider an explicit analytical solution for a
generalized frequency conversion process.
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